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¥. On the Method of deiermming^ from the real FrohabiUtks of 
Lfe^ the V(^lue of a contingent Reverfon in %vhich Three 
Lives are involved in the Survivorfhip. By Mr, William 
Morgan ; communicated by the Rev. Richard Pricey JD. D^ 




Read January 29, 1789^ 

N a Paper which I had lately the honour of communicating 
to the Royal Society, refpeaing the method of deter- 
mining the values of reverfions depending on furvivorfhips 
between two perfons from the real probabilities of life, I ob* 
ferved, that the inveftigation of thofe cafes in which three 
lives were involved in the furvivorfliip (though attended with 
much more difficulty) mighty however, be effefted in a fimilar 
manner* The further purfuit of this fubjed has now con« 
vinced me that, as it is never fafe, fo likewife it can never be ne- 
ceflary to have recourfe to the expectations of life in any cafe 1 
and that tlie folution even of thofe problems which include three 
lives is far from being fo formidable as at firft fight it appears to 
be. I am fenfible of the impropriety of entering minutely in 
this place into the vaft variety of propofitions which refer to the 
different orders of furvivorfliip between three lives ; but as the 
following problem feems to be of coniiderable importance on 
account of its being applied to the folution of many other pro- 
blems, the demonftration of it, perhaps, may not be thought 
an improper addition to my former Paper, 

PROBLEM* 
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PR O B L E M. 



Suppofing the ages of A, B, and C, to be given ; to deter- 
mine, from any table of obfervations, the value of the fum 
S payable on the contmgency of C's furviving B, provided the 
life of A fhall be then extin6l* 



SOLUTION. 

Let a reprefent the number of perfons living in the table at the 
age of A. Let a\ a^\ d^^^ d^^\ &c. reprefent the decrements of 
life at the end of the ift, ad, 3d, 4th9 &c. years from the age of 
A. Let b reprefent the number of perfons living at the age 
of B, and m^ n^ 0^ p^ &ic. the number of perfons living at the 
end of the iH, 7A^ 3d, 4th, &c. years from the age of B. la 
like manner let c reprefent the number of perfons living at the 
age of C, and d^ e^J\ g^ &c. the number of perfons livhig at the 
end of the ift, ad, 3d, 4th, &c. years from the age of C. 
Let r alfo denote the value of £. i increafed by its intereft for a 
year. In order to receive the fum S in the firft year, it is 
neceffary either that all the three lives fhall have died in that 
year, A having died firfl, B next, andClaft; or that only the 
two lives A and B fliall have died (A having died firft), and 
that C fhall have lived to the end of that year. The proba- 
bility that the three lives fhall die in the firil: year is 

"" '"' ' '''"^1^'''''^ ' * The probabiHty that they ihall die in the order 
above mentioned is "—--"g^-^jT— - • The probability that both 



A and B fliall die in the firfl year is t^--—^. Half this frac- 
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tion, or "^ - ^^'^ is the probability that the death of A fhall 

;happen before the death of B in this year. The probability 
that C ihall furvivq A and B, retrained to the contingency of 

A's hav ing died firft , is - ' ^^l ' ' • ^^^ value therefore of the 



lfum S for the hrlt year is S x z— ^r- — + 



6 . abcr 2ahcr ahcr 



a' he amc . , a' db amd t 1 y i i 

■— _— ^-i . .^ , , .,* , .« In the lecona year the pay- 

xnent of the given funi will depend on either of four events 
happening. Firfl, on the contingency of all the three lives 
^djing in that year, A having died fir ft, Baext^ and C laft. 
^dly. On the contingency of B's dying in that year, C's living 
to the end of it, and A's dying in the firft yean ^dly, On 
the contingency of B's djang after A in the fecond year (both 
;of them having furviyed the firft year) and of Cs living to the 
end of that year. 4thly, On the contingency of A's dying in 
the firft year, and of B and C's both dying in the fecond year, 
B having died firft. The probabiUty of the firft contingency 

is exprefied by the fradion ^ * ' ^"~^a' ^ ' * l^he f iobability of 



the iecond by the fra£tion ^ ' ^ ^ ^ ' \ The pirobability of the 



third by the fra^ion — ' : ^^ ' -^ And the probability of the 

iburth contingeiKry by the fradion 1-1— —.-I^, Tiiefe feve- 

• s . 
ral fractions, therefore, multiplied into -^ wlM be the value of 



the given ftim for the focond year, and may be eafily foaind iz: 

, . , ^ iMW..' J. ■ ■ I— I I I I n il . I II -i-T- iiiMiTT-t r - ■ j i «ir - ■ - III ■ I II I ■ ■ ' — ' ■■'■ "- " — — ■ 

S a' 'dm a"dn a'Um d'en . a' em a' en . ddm ddn -. -., 

X.— : —T-Ar — •«- il — ' — "^■'-—'^-—^ Im like 
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manner t!ie payment of the given fum in tfie tHir J yea;r will 
depend on the contingency of the fame number of events 
as in the fecond year; that is, it will, firfl, depend on the 
contingency of all the three lives dying in that year, A having 
died firft, B next, and C lafl: ; 2dly, on the contingency of 
B's dying in that particular year, C's living to the end of it^ 
and A's dying in the firft or fecond years ; 3dly, on the con* 
tiogency of B's dying after A in the third year (both of them 
having furvived the two' preceding years), and of C's living 
to the end of that year j and, 4thly, on the contingency of 
A's dying in the firft or fecond year, and of B and Cs both 
dying in the third year, C having died laft.^ Thefe feve- 
ral contingencies are expreffed by the refpeftive fraftions 

and 
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• • « • , • • • ; • • • 
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"*• 1 1 II rii i ~W i ''|jj 



2a be 



. Confequently the value of the fum S for 

a , en a . eo a .jn a ^ fo 

the third year will be = ^^3 x — ^ • — g— + — j— ^ —~- + , 

_L £ — , — ^.^ 1. . — ! — - — _ — I ^ And by realonms; 

in the fame manner the value of the fum S for the fourth 



year may be found — ^^ + 5 ° - ~6 — "^"~"l ^ ^ + 



2T7^T7^' • ^0 a" + a'' + a'^' . gf . ? + a'' -h a'/' . of a' 4- a'' + a''' - f p 

* ^^ . „ ^____ . — ^»t^ jtM_ j.ju.ii II ..'. umiiaiH ai'iiiiwMi ' I i rl— •-~r~~Tnitin>- Wmnt ' '" " '"'*" '■ " " ' ' """ ' ----«~»~ j-^ 

y . f , „„ . „, - _ri- » ' ''-ill » ■ • I ' ■■ 0» 

% 2 2 2 

If either B or C be the oldeft of the three lives, thefe 

feries continued to the extremity of that life will exprefs 

s 
the whole value of the reverfion, v^hich will be ^ -^ x 



.. „ -jiiwiwiamni** M— 111 iiwww 



die , a" dm . a'^hn . a''^' .fo , c^^ , ^ ,, ^'^'^ i c/-ha'' . en , 

G 2 ^*+^'; 
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' 4- ^^/ + a^'^' . fo ^ Q S a'mc a"na a"'oe . a"'\ pf ^ 



" II (■iiiinnL .._. 



S a'dn , c/-\-a''.eo a' ^a^' ■\-a''\fp . S a' db , ^^\ ^.^i , 

2r abcr abcr abc/^ 3 <3!.kr abcr 
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- - X -T~- -1-. -7-2 + -— -~ 4. ■■ , ^ + &c. - ~ X. -^ — - + -J — -£. + 



a' -\-a" ^a'" . gp 



+ &C, 



abcr^ 

In order to fiim up the firft and fecond of thefe feries let jff 
reprefent the number of perfons living at the age of F, a 
perfon one year younger than B, and ^ the number of perfons 
living at the age of K, a perfon one year younger than C, 
Let FK5 BC, AFK5. and ABC, reprefent the value of an 
annuity on the two and three joint lives of F and K, of B and 
C, of A, F and K, and of A, B and C refpedively ; then 

will the feries 7- x -7-4.-7^^4,^7-^ + &c. be = -~~-^ x 

O aipcr * abcr aba^ 6 . be 



be a — a' .be dm a—a'—a'^dm a'dm en a— a! -a" — a'^^ , en 



a^xr^ * be ^ 6 V 6r abcr aba^ ' * 



S dm a — a ^ dm , en a — a' —- a" . en 

BC7I7\BC. The fum, therefore, of the turo firft feries, or of 

S a' be a" . dm ^ S a^dm a' ■\-a" , en ^ ... S 

X. "-7 r --7-"2- + &C, + r- X -7 V ——■^—> 4.. &c. IS = 7- X i 

6- ^/■•rr ^7/biT %r abcr ahcr ' 6 ' 

py., . FK"^ AFK S 



be 



4. - X BC - ABC. Again, let P reprefent a life ona 

year older thaii B, and let BK, PC, ABK, and APC, repre- 
fent the values of annuities on the two and three joint lives of 

B and 
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B and Kj P and C, AjBazid K and of A, P and C: then 



s 



the fum of the thh'd and fourth feries. or of - ^ x 



•-T' + -T—^-^- €€c. - - y^—-j^——-^ — + &c. being =: - -7- x 

ai?cr abcr 2r ^ ahcr ' abcr ^ be 



mc a — {/' . mc dn a — a' ~a" . dn. 



c 



S a'^dn a' \a' ^ €0 ^ ^ S , m a'dn a'-\-cd\ eo 

■— X "7— + 7—2 — ? &C. rr. ) ■ -— • X f- • T- + 

i^r abcr abcr ^ ^ ^i?r acmr acmr 



will be = — 7 X — - — X - — -7 "- • i i'i^ fifth le- 

Q c '^r b 



S ^^^^^ <3^^i'w ^ . S i5 <r//^ a — a',dh em 

nes, ~ X -/■'■ + " — I +^"^^..13=: - X r x r- — — ^ + — s -^ 

^ ^ a' —a^' . ^w A ^ — (3' — a" ~ a^'' .fn ^ S a'e?n c/ + a'^ . fn ^^ 

+ FI^ — TrTZi 5OCC. — 7- X -77". H ^ ;^: -^^c 



^?^rr^ ^ ^cr'^ a^cr^ ? • ^r abcr abcr^ ' 

(putting FC and AFC for the values of the two and three 



joint lives of F and G and of A, Fj and C)— x 



S iS.FC-AFC 



^. b 



■■ ' I " *» W^ II fill «i'^l ■■ I !■■ 

i. 5^ fJ^ I. iJll^i!? &Q, The fum, therefore, of the fifth and 

i2r abcr abcr 

, ^ . - S ddb a'' em ^ S «^^w a' ~\- a^' . /;? 

fixth fenes, or of - x ;t- + ;X7-, &c. + - x -— + ,, . - + &c. 



2 abcr ^^ abcr ' 2r al/cr abcr' 



IS =: — x — ^ — I — — + z: x-ttt:, + — tets— ?^c« =: )-7~™- X-' 



3 



)cr 



em- a~~a .em fn a — a— a , fn ^ jr n^ a^,^^^^ ^ re 

, — . — — _ ^ — ^ — ^ ^c. It i denote a lire, one 

bdr abdr ' bdr ai?dr 

year older than C, and BT^ and ABT denote the values of the- 
two and three joint lives of B and T and of A, B, and T, this 

laft feries will be = -^^ x ■~-^~^— — "■• — -, and confequently the fum 



the fifth and nxth leries will berr^-x— j— — • + — x 

3 b Or 

I ■ II I II 1 1 1 « ■ - . 
J , BT-ABT 



c: 



Laflly^. the feventh and eighth feries^ or 



Q \ 



i\Xy 
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S c/md (/'en ^ S (/ en a 4- <:/' . fo q S 

..... ^ — j, + &c. — — X -J- + — ~~~~~— 4- ace. are ==: ^ «* 

3 abcr abcr 2r abcr aver 3 



WHnn«H*«9si«M 



■ ^ — ~-r 4- 7-^ — — - — ~:f- h &c. — --^ X "1 — I---- — r~r^ +&c* 



— X BC — A13C - ( F- >^ 7- X •—- — ; — 4- -^ 



6r ^r ;?2^//' ^w<^r 



3 . \ or ^?r ;?2^//' ^w<^r ' may 



2 



a — a^ — c/\of o ^ S w^.PT--APT . t^>t-» i a •n'-r^ 

-. 1-&C. r:)- % ^^_ where FT and Arl 

amdy ^ br be 

feprefent the values of the two and three joint lives of P and 
T5 and of A, P, and T. If thefe feveral expreffions be added toge- 

S-x ^. FK~~AFK " 



ther, &c. we iliall at kft have —7— x — ^ ; ^-^ BH -^ ABK 

be b 



S . & -^^r^ T"^^^^::^ S • ^~- 1 tT7=^; TvTPT S . w 



^ Hr ^ FC - AFC - ^11— i X BC - ABC -=- ^ x PC- APC4. 
^ X BT - ABT- ^^I~^, for the value of the fum S^ 

bcr ^ 

when either B or C are the oldeft of the three lives. 

In order to determine the value of the reverfion when the life 
of A is the oldeiil of the three lives^ let s^ f, u, w^ &c.he the num- 
ber of perfons living at the end of the ift, 2d, 3d,4th, &c.years^ 
from the age of A, and let b\ V\ b'^\ V^^ &c. be the decre- 
ments of Hfe at the end of i, 2, 3, 4, &c. years from the age of 
B ; then J by reafoning as above, the value of the fum S for the 

iirfl: year will be expreffed by the feries ^^— ^^■T- ' ' ' " ■ ■ +^ 



^ *^-^ ' .,^ £qj. |.]^^ fecond year by the feries (^af ^^* " + 



mummmm/mtn 



^ijIL^p:=L:^ j,liEli:±^ for the third year 

lahcf abcr ' %abcr^ ^ '^ 

by the feries-- ^;r— -h \abcr^ + ...r^ ' "^1 

■ ^/ '"^""/V^"^ , and fo on for the remaining years of A's life* 

(,1 ^ ,1, ii,,i, 1,1,1,, i,i»wMaiirr T-n"i- i i i ^ i i rtitr r- ■ -- i — '■ i i«ii —f-^.M — mm ■.■■*■—■.« n f' , ■■'- , -■»»■ 

j.^, ^ ^ 1 r • i ^ 1 S <7^''£ /'V5 a^d yds 

Thele leveral ienes may be lound s^^.»~^x— — ^-t'-^-tt-*'^ + 



/ 
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al^'d at/c S sb'^d h"dt $b"e be"t ab^'e ao" d S 

JL. J-, ~ V ' ■ — . —-;: — .— . •-«**— — -J- -" -i- — — - J- ' — - —- r K 

2 *^ 2 ~ abcr^ 3 ^ ^ 322 '^^^"^ 



th'"f b'"fu ab'^f ab^'^e « c r .. r *. 

~ -. , _ — ^ _ — 4- — ~ j^ 5 &c. &c. Let 05 reprelent 

3 663 * 2*2 ■*■ 

the nutuber of perlbns living at the age of H, a perfbu 
one jear younger than A ; let N -denote a perfou one year 
older than A, and let the feveral combinations BN, BNC, 
AB, &c. denote, as in the former cafe^ the values of annuities 
on the joint lives of B and N, of B, N and C, of A and B^ 
&c. ; then by proceeding in the fame manner as in the fore> 

1 n. ..* .1 r • ^^^^ ^^'^^^ i^''^^ rt 

going; demonitration the ienes — ;— + ' 2 -f ■ r-% + ccc. may 

■^ ^ 'T^abcr * Q^abcTT * '^abcr^ 

% /* 1 ccx rij? rTrvfr~ AC — ABC , ^ • Vcs Vdt 

be found == — • x rllv - HBK. ~ ; the Ienes r-r- 4- t-t— *. 

3fif<: 3r "^ D^/7^r ^ oabcr' 



+ m+ &c. = I- X AK - ABK - r^ X NC - NbC ; the ferlet 

^ babcr'^ be oar 



, , ^ . ^V^ Z-'"^/ ^'''> ^ AC -ABC sd 

and the Ienes — 7- + —7—^ 4. -— — . + &c. r:: - — • x 

q^abcr ' ^abcr * '^abcr^ 3 3(^£t 



NT - NTB. Thefc four feries, therefore, fuppoiing them all 



to be polxtive quantities are=;— x -+ 

■^ 3c a 2 



7- 



a TT7T T^-r%^ . r 



. X HC - HBC V-^ X AC - ABC ~ r" x ^^G- NBC 



^ 






^■r 



X 



-!«-. — ^ — _^ With relpecl to the two remainm; 



2 



thefe, it is evident, are to be continued after the deceafe of A 
till the extinflion of the joint lives of B and C, and have 
been already proved in the folution of the fecond problem 
in my former Paper, to denote the value of the given fum 
ayable if G ihould furvive B« Let this value be repre > 

fented 
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fented by R and the fum of the foregoing expreffions (or 



_, ^ — j^ ^ ., ^ yc _ iiiic, &c.) by M, then 

Will the value of the fum S (when A is the oldefl: of the threja 

livesl be = S X R - M, Q. E. D, 

M the three lives be equal, the value of the given fum for 



* . „ . — ' N s/ L . . J^ • 



the firft year will be--^7;r:^ + --^;r:7--^ ^^+6,3^^^^ 
the value of the 'fame fum for the fecond year will be 



a,. > 



S • <3 



, J_ ■■■— — "J— • — ^— — - — ■ — — — = — — — — — — 1_ ■■ — s • ~«» ^3 ?\ 

s' ^ IJl »- ^-^ + Jii~ ; the value for the third year will bar: 

i^y^lL ML ^ J^ + i!i and fo on for the other years to 

the extremity of life. Let CC and CCC denote the values of 
the two equal and three equal joint lives, the fum of thefe 






o 



5 I . ^^^ T^TT . 3.CC^2CCC 



feries may then be founds — x — + 2CCC - 3CC + 

T 

— (fuppofing the perpetuity, or -3-, to be denoted by V) 



X X V — :2 . CC — zCCC. 



b r *^ 

It muft be here remembered, that from other principles it is 
well known, that the number of years purchafe exprefling the 
value of an ejiate ox perpetual annuity to be entered upon at the 
failure of two out of any three equal lives is, '' the difference 
^' between three times the values of two equal joint lives, and 
^' twice the values of three equal joint lives iubtra6ted from 
'^ the perpetuity," or V - sCC-aCCC, The value, there- 
fore, of fuch a reverfion, fuppofing it to depend on the failure 
of the three equal lives in any one particular order, is (fince 
^ there 
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tliere are fix futh orders equally probable) ^xY - 3CC - 2CCC. 
But It appears, from the correftion explained in Dr. Price's 
Treatife on Beverfionary Payments, Vol. I. p. 34. that the 
value of a reverfionary fum is always lefs than the value 
of an equivalent reverlionary epafe in the proportion of 
I to r. The fum being S the equivalent eftate or perpetual 

Ho I I I i li i i 1 1 I 1 1 

annuity Is always Sxr— i; and confequently the value of 
the fum S depending on the ceafing of three equal lives in any 
one particular order and thus determined, Is the fame with 
that determined by the foregoing inveftlgatlon, that is. 



r — l 



X 



6 " r 



X V - 3CC - 2CC\ The inveftlgatlon, therefore, is 

right, and the correction and invefligation demon ftrate one 
another. 

But the foregoing expreilion for determining the value of 
the reverfion In this particular cafe is not only obtained Imme • 
diately fi'om the feries, but alfo from the two different rules 
which have been gi^en for determining the value when the 
lives are unequal; and hence a proof arifes of the truth of 
thefe rules, as well as of the reafbning upon which they arc 
founded. Thus the firft rule, fuppoEng the lives all equals 

, le* KK~CKK dd TT-CTT TUT CC-CCC ■ 

becomes -^ x 7 — — ' x -~ — r- — ^ ^ '—: — ' + 

K CK-CCK d CT-CCT - , ^ , , , 

_ __^ X — — ^ ^^^ ^i^^ lecond rule oeGomes 

€ 6 cr b ^ 



V__CC.i™i / KK-^CKK . V.^ 'TT~CTT r-i CC-CCC 

— .• X }-- X — -— ™ - — X — ; 

: ar c 3 - cc , r 3 r 3 

:^^ X ^ I--X — ^ — — • Let the value according to 

3 ^'- 3 ^ . ^ 

the firft rule be denoted by L, and the fecond rule will be = 



r~i_^. V~CC .. -r ^-. i.CC -CCC, 

Vol. LXXIX. H '' r-^^t 



^ 2L -^ LzlJi££^££5( ,=^ I^.^ Hence 3L rz 
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2r- Or -^ 

Q. E. D. 

Were we polTelfed of complete tables of the values of anoBi- 
ties oil two and three joint li?es, the preceding rules would give 
ati eafy and exaft folution of this problem in all cafes. But 
as fuch tables^ computed for every age, would be a work of 
immenfe difficulty, efpecially in regard to the values of three 
joint lives, Mr. Simpson's rule for approximating to thefe 
from the given values of the two joint lives, has hitherto been 
adopted, and it feems upon the whole to anfwer the purpofe 
very well. In the prefent problem it is attended with no other 
inconvenience than increafing the labour of the computations ;, 
for the values of the reverfions derived from it appear in gene- 
ral to be perfectly correct. This is more fully afcertained by 
a table w^hich Dr. Price has given in his Trcatife on Rever- 
£onary Payments (Vol. IL Table ^'^.), of the values of three 
equal joint lives computed at 4 per cent, from the probabilities 
of life at Northampton. By the affiftance of this table, 
when the lives are of the fame age, it is evident, from what 
lias been already obferved, that the exaft value of the reverfioa 
may be eafily obtained. The few following fpecin^ens com- 
puted from it, and compared with the values of the reverfions 
deduced from the firil and feeond of the preceding rules, de- 
monftrate the accuracy of thofe rules : for, notwithflanding 
the approximated values of the three joints lives have been uled 
in every inftance iti which the rules have been employed, yet 
the refults approach fo near the truth, even in the laft ftages. 
of life, when the decrements aremoft irregular, that, though 
derived from thefe approximations, there can be little doubt o£ 
their correitnefs in almofl: every other period of life. 

6 Comrn.®!! 
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Commonage. E2Ca6l value* of ^. too. Value of £. too. com- Value of ^. loo. computed 
computed from Dr. Price's puted from tlie firft of the from the fecond of the fore- 
Tables of the values of two foregoing rules, and from going rules, and from Mr. 
aud three equal joint lives. Mr. Simpson's approxi- Simpson's approximation to 

mation to the values of the values of three joiiil 









three 


; joint lives. 


lives. 




70 


Mfl 


12.000 


Ml 


12.005 


•• 


12.000 


75 


- 


12.944 


an 


12.943 


(M 


12.943 


80 


- 


13.840 


- 


13.810 


n. 


13.880 


§5 


«• 


14.450 t 


« 


14.670 


oat 


14.340 



Mr. DoDsoN %, and Mr. Simpson §, are the only writers 
who have folved, or rather who have approximated to the 
folution of this problem. But the former^ by deducmg his 
rules immediately from a wrong hypothefisj, having rendered 

* That is, one-Jixth -p^n of the whole reverfion* 

t The feveral reverlions in this column, when comp-uted from Simpson's 
approximationtothevaluesof the three joint lives, are 12.012, 12.933, 13.847^ 
and 14,803 refpe6tively; which upon the whole differing nearly as much from 
the real values as thofe in the two other columns afford a convincing proofj 
that the very fmall deviation from the truth in thefe latter values proceeds not 
from any inaccuracy in the rules themfelves, but folely from having ufcd the 
approximated inflead of the real values of the three joint lives. And this alfo 
will account for the difference in the values by the firil and fecond rules. Were 
thofe values computed from tables which give the corred values of two and three 
joint lives at all ages, they would come out exa6tly the famce In the two firifl 
examples, where the values by one rule are true, it appears, that the values t)y 
the other rule are equally fo. In the two lafl examples, where the values are not 
quite fo accurate, it may be obferved, that they differ as much in excefs by one 
rule as they do in defeft by the othor ; which muft in general be the cafe from 
the very nature of thofe rules ; for if L (or the value by the firll rule) be 

_ "XT f^f^ 

greater than the truth, the difference between — — 1— ~II — - and 2L (or the 

Value by the fecond rule) muft be lefs than the truth 5 and^ on the contrary, if 
L be lefs, this difference will be greater than the truth* 

% See Dodson's Mathematical Repofitory, Vol. IIL Qucftions 4a, 43, ^c. 

§ See Simpson's Seled Exercifes, Prob. 38* 

H 2 mofl 
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moft of them (efpecially thofe ia which three lives are con- 
cerned) of no ufe, it will be unneceflary to take notice of 
what he has done on the fubjeft. With regard to the latter, 
whofe rule is not only the fole guide for determining the value 
of this reverlion;, but alfo the fource from which a great va- 
riety of other problems are folved, perhaps it may not be 
improper to examine how far his folution is to be depended 
vpon ; and the following examples have therefore been com- 
puted for this purpofe. 



Ages of 



80 


70 


40 


75 


65 


25 


65 


50 


15 


70 


80 


40 


50 


65 


IS 


78 


78 


20 


45 


60 


12 


60 


45 


12 



TABLE I. 

Value, by Simpson's rule, of 
£, 100. payable on the contingent 
reverfion fpecified in this pro- 
blem, when either C or B are el- 
deik^ according to the Norihamp' 
ion Table and at 4 per cent. 

1.926 

2.05^0 

6.615 • 

2.^02 



True value of the fame 
reverfion computed front 
the firft rule in the fore-^ 
going folution. 



1. 179 
1.032 
J. 690 

6. 117 

1.982 

4-^33 
1.686 



TABLE II« 

Value of the fame reverfion by True value of the fame 

\ is the reverfion by the fecond rule 
in the foregoing folution. 

3 '-792 

5.960 

33,019 

TABLE 



c. 


Ages. 
B. 


A. 


Simpson's rule, when 
oldeil of the three lives 


24 


65 


75 


34-636 


6? 


24 


IS 


6.305 


49 


9 


69 


7-351 


]8 


78 


78 


37-554 
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TABLE III, 

Value of the fame reverfion by Simp- True value of the 
Common Age, son's rule, when the ages of the fame reverfioii. 

three lives are eq^ual, 

70 - - i3*2o • " 12.00 

75 * - 14.98 - « 12.94 

80 « - ^6.58 - - i3«84 

85 - - 17.86 • - 14*45 

By comparing the values in the preceding tables, Mr. Simp* 
son's rule appears in almofl: every inftance to be exceedingly 
incorreft. Even when the lives are equal (in Vi^hich cafe it 
might have been expe&ed to be fufficiently accurate) it feems 
to deviate, in old age at lead, fo widely from the truth as to 
be unfit for ule. When C or B are eideft (which, however^ 
is a cafe that does not often occur), the refults fometimes 
exceed the truth one-half ^ and generally by more than ^;^^™ 
third of the real value. When A is the oldeft of the three 
lives (which is the moft common cafe) thefe refults are erro- 
neous in nearly an equal degree. Nay, th fome cafes, Mr. 
S]fMPS0N's rule is not only wrong but abfurd. Thus, in the 
laft example in the fecond table, the value of £. 100. payable 
on the contingency of C aged 18 furviving B aged 78 
after A aged 78, is by this rule cz jf. 27-554« The value^, 
therefore, of the fame fiun on the contingency of G's furviv- 
ing A after B is alfo ^. 37.554. Hence the value of ^f, ioo» 
on the contingency of C's iurviving A and B (without the 
reftriftion of one dying before the other) is 2x37.554 = 
^.75.108^% By another rule of Mr. Simpson f, the value 

^ See Simpson's Selcd Exerdfes^. Prob* 39.6 f Ibid, Prob. 3a« 
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of ^. loo^ 011 the contingency of C's furviving B only, is no 
more than £. 74*. Now it is felf-evidcnt, that this latter 
value, inftead of being lefs^ ought to have been greater than 
the former, inafmuch as the probability of C^s furviving only 
one life mufl: be greater than that of his furviving tvv^o lives. 

Many additional inftances might be produced in which this 
rule, being made the bafis upon which the folutions of other 
problems are founded, leads to conclufions equally erroneous. 
But thefe enquiries would be improper here; and I ihall 
only obferve, that had the foregoing examples been computed 
from the Sweden or London, inftead of the Northamp- 
ton Table, this rule would have appeared to be ftill more in- 
correft than it does from thofe computations. 

When Mn Simpson wrote his Select Exercifes, he was in a 
great meafure obliged to have recourfe to De Moivre's hypo- 
theiis, for want of thofe excellent tables of the real probabi- 
lities of life, and alfo of the values of fmgle and joint lives 
which have been fince publifhed. Had he been pofTefled of 
thefe, it is moft likely that his fuperior abilities would have 
direded him to a more accurate method of inveftigation. At 
prefent there can be no juft reafon for ever recurring to this 
wretched hypothefis. The folutions of all cafes of two and 
even of three lives may be efFeded without much difficulty 
from principles ftridly true. But I muft here take my leave 
of this fubjeft, hoping that its importance may engage other 
mathematicians to the further profecution of it. 

^ The true values are ^, 66.038. and £. 74,884. refpe(Siveiy« 



^^^ 



